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Abstract 

Our  goal  is  to  construct  mathematical  operations  that  combine  inde¬ 
terminism  measured  from  quantum  randomness  with  computational  de¬ 
terminism  so  that  non-mechanistic  behavior  is  preserved  in  the  compu¬ 
tation.  Formally,  some  results  about  operations  applied  to  computably 
enumerable  (c.e.)  and  bi-immune  sets  are  proven  here,  where  the  ob¬ 
jective  is  for  the  operations  to  preserve  bi-immunity.  While  developing 
rearrangement  operations  on  the  natural  numbers,  we  discovered  that  the 
bi-immune  rearrangements  generate  an  uncountable  subgroup  of  the  infi¬ 
nite  symmetric  group  (Sym(N))  on  the  natural  numbers  N. 

This  new  uncountable  subgroup  is  called  the  bi-immune  symmetric 
group.  We  show  that  the  bi-immune  symmetric  group  contains  the  Uni¬ 
tary  symmetric  group  on  N,  and  consequently  is  highly  transitive.  Fur¬ 
thermore,  the  bi-immune  symmetric  group  is  dense  in  Sym(N)  with  re¬ 
spect  to  the  pointwise  convergence  topology.  The  complete  structure  of 
the  bi-immune  symmetric  group  and  its  subgroups  generated  by  one  or 
more  bi-immune  rearrangements  is  unknown. 


1  Introduction 

In  0,  a  lemma  about  the  symmetric  difference  operator  applied  to  a  computably 
enumerable  (c.e.)  set  and  bi-immune  set  is  stated  without  proof.  Herein  lemma 
12.21  provides  a  proof;  this  helps  characterize  procedure  2’s  non-mechanistic  be¬ 
havior  in  [2] .  Moreover,  the  preservation  of  bi-immunity  by  the  symmetric  dif¬ 
ference  operator  helped  motivate  the  conception  of  rearrangement  operations. 
The  preservation  of  bi-immunity  led  to  the  notion  of  generating  subgroups  of 
Sym(N)  with  one  or  more  bi-immune  rearrangements.  The  structure  of  the 
infinite  subgroups  of  Sym(N)  is  an  active  area  of  research  in  group  theory. 

1.1  Notation  and  Conventions 

We  summarize  our  notation  and  conventions,  since  the  literature  in  computer 
science,  computability  theory,  and  group  theory  do  not  always  use  the  same 
ones.  N  is  the  non-negative  integers.  E  =  {2 n  :  n  €  N}  are  the  even,  non¬ 
negative  integers.  O  =  {2n  +  1  :  n  £  N}  are  the  odd,  non-negative  integers. 
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If  S'  is  a  set,  |S|  is  the  cardinality  of  S.  The  symbol  o  represents  function 
composition;  if  /  :  X  — >  Y  and  g  :  Y  — >  Z  then  g  o  /  means  apply  function  /  to 
an  element  of  x  in  X ,  and  then  apply  function  g  to  argument  fix)  in  Y . 

Let  an  tti  ...  G  {0, 1}N  be  a  binary  sequence.  The  sequence  a o  ai  ... 
induces  a  set  A  C  N  and  vice  versa:  the  standard  identification  of  A  with 
the  sequence  a o  a\  ...  means  k  £  A  if  and  only  if  =  1.  Also,  k  A  iff 
Ofc  =  0.  A  =  {n  G  N  :  n  ^  A}  is  the  complement  of  set  A  in  N.  The  relative 
complement  is  A  —  B  =  {x  E  A  :  x  (fc  B}.  In  computer  science,  ©  is  exclusive-or: 
0©0=lffil=0  and  1®0  =  0®1  =  1.  Due  to  the  identification  between 
a  binary  sequence  and  a  subset  of  N,  the  symmetric  difference  of  A  and  B  is 
represented  as  A  ©  B  =  (A  —  B)  U  (B  —  A),  instead  of  the  usual  A.  Herein 
symbol  ©  never  represents  the  join  operation  as  used  in  [2] . 

2  Preserving  Non-Mechanistic  Behavior 

Our  goal  is  to  construct  operations  that  combine  indeterminism  measured  from 
quantum  randomness  [5]  with  computational  determinism  J5|  so  that  the  non- 
mechanistic  behavior  (bi-immunity)  is  preserved. 

In  [7j,  Post  introduced  the  notion  of  an  immune  set. 

Definition  2.1.  Set  A  C  N  is  immune  if  conditions  (i)  and  (ii)  hold. 

(i)  A  is  infinite. 

(ii)  For  all  R  C  N,  {R  is  infinite  and  computably  enumerable)  =>  R  D  A  ^  0. 
Set  A  is  bi-immune  if  both  A  and  A  are  immune. 

Lemma  2.1.  Suppose  A  is  bi-immune.  Let  R  be  a  finite  set.  Then  A  U  R  and 
A  —  R  are  both  bi-immune. 

Proof.  Set  A+  =  A  Li  R  and  A~  =  A  —  R.  From  definition  12. 11  A+  and  A~  are 
still  infinite  because  a  finite  number  of  elements  have  been  added  to  or  removed 
from  A,  respectively.  For  condition  (ii),  suppose  there  exists  a  computably 
enumerable  set  B  such  that  B  fl  A+  =  0.  Then  B  D  A+  and  B  D  A  only  differ  on 
a  finite  number  of  elements  which  implies  that  a  c.e.  set  B'  can  be  constructed 
from  B  such  that  B'  O  A  =  0.  Contradiction.  The  same  argument  holds  for 
A".  □ 

Lemma  ED  does  not  hold  if  R  is  an  infinite,  computable  set.  A  U  E  is  not 
immune  as  E  fl  [A  U  E)  =  0.  Also,  A  —  E  is  not  immune  as  E  fl  (A  —  E)  =  0. 
While  the  isolated  operations  of  union  and  relative  complement  do  not  preserve 
bi-immunity,  the  symmetric  difference  operation  preserves  bi-immunity. 

Lemma  2.2.  If  R  is  c.e.  and  A  is  bi-immune,  then  A©  R  is  bi-immune. 

Proof.  Condition  (i).  Verify  that  A© I?  is  infinite.  For  the  case  that  R  is  finite, 
let  K  be  the  largest  element  in  R.  Then  A  ©  R  is  the  disjoint  union  of  the 
finite  set  {x  €  A  ©  R  :  x  <  K}  and  the  infinite  set  {x  €  A  :  x  >  K}  since  A  is 
bi-immune. 
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Otherwise,  R  is  infinite.  By  contradiction,  suppose  A  ©  R  is  finite.  A  is  the 
disjoint  union  of  A  —  R  and  An  R,  so  A’s  bi-immunity  implies  A  D  R  is  infinite. 
Also,  let  R  —  A  =  {n,  r2  . . . ,  rm}  since  it  is  finite. 

Claim:  An/?isc.e.  Consider  Turing  machine  M  that  enumerates  R.  When¬ 
ever  M  halts,  concatenate  machine  N  to  execute  after  machine  M : 

•  Machine  N  does  not  halt  if  M  halts  with  in  R—  A. 

•  For  all  other  outputs  where  M  halts,  after  machine  N  checks  that  M’s 
output  is  not  in  R  —  A,  then  N  immediately  halts. 

Hence,  A  n  R  is  infinite  and  c.e.,  contradicting  A’s  bi- immunity,  so  A  ©  R  must 
be  infinite. 

Condition  (ii).  Set  Q  =  A  ©  R. 

By  contradiction,  suppose  there  exists  an  infinite,  c.e.  set  B  with  BnQ  =  0. 
Then  B  C  Q.  Also,  B  fl  R  is  c.e.  Now  BnRcR  —  AcA  which  contradicts 
that  A  is  bi-immune,  if  B  fl  R  is  infinite.  Otherwise,  B  fl  R  is  finite.  Set 
K  =  max(B  fl  R).  Then  B  fl  (A  —  R)  is  infinite.  Define  the  infinite,  c.e.  set 
B'  —  {x  G  B  :  x  >  K}.  Thus,  B'  C  A  contradicts  A’s  bi- immunity. 

Similarly,  by  contradiction,  suppose  there  exists  an  infinite,  c.e.  set  B  with 
B  fl  Q  =  0.  Then  B  C  Q.  Also,  B  fl  R  is  c.e.  Thus,  BCR  C  An/?  which 
contradicts  that  A  is  bi-immune  if  B  n  R  is  infinite.  Otherwise,  B  n  R  is  finite. 
Set  K  =  max(BnR).  Define  the  infinite,  c.e.  set  B'  =  {x  £  B  :  x  >  I\}.  Thus, 
B'  C  A,  which  contradicts  A’s  bi-immunity.  □ 

2.1  Rearrangements  of  Subsets  of  N 

This  subsection  continues  to  explore  how  to  preserve  non-mechanistic  behavior 
with  operations  based  on  permutations.  First,  some  definitions  and  results  are 
developed  about  rearrangements  of  N,  induced  by  subsets  of  N.  These  results  are 
useful  for  understanding  how  to  preserve  bi-immunity.  In  the  next  subsection, 
we  show  that  the  bi-immune  rearrangements  generate  an  uncountable  subgroup 
of  the  infinite  symmetric  group  on  N. 

Let  k  £  N.  A  permutation  cr^)  :  N  — »•  N  is  generated  from  the  identity 
permutation  erg  =  (0, 1,  2, 3, . . . )  by  transposing  the  fcth  entry  and  k  +  1th  entry 
of  <7 g .  Thus,  (T(fc)  (x)  =  x  when  x  ^  {k,  k  +  1}  and  <j(k)  (&)  =  k  +  1  and  cr(fc+1)  ( k ). 

This  can  be  repeated  on  a^)  where  cryli,k+ 1)  is  generated  from  transposing 
the  k+ 1  and  k+2  entries  of  .  Thus,  cr^fc+i)  ( x )  =  x  when  x  ^  (fc,  k+ 1,  k+ 2}. 
Otherwise,  cr(fc;fc+1)(fc)  =  fc+1,  cr(fe>fc+1)(A:  +  1)  =  k  +  2,  and  cr(fc>fc+1) (k  +  2)  =  k. 
This  leads  to  the  simple  observation  that  cr(fc+i)  o  a =  <J(k,k+ 1)- 

Consider  the  segment  [m,n]  =  (m, m  +  1  where  m  <  n.  Starting 

with  erg,  apply  the  aforementioned  transposition  step  n  —  m  +  1  times.  Thus, 
a(m,m+i,...,n)(x)  =  x  when  x  <  m  or  x  >  n  +  1.  Otherwise,  = 

k+ 1  when  m  <  k  <  n  and  o'(m;I7l+ij...>n)(n-|-l)  =  m.  From  the  prior  observation, 
it  is  apparent  that  =  CT(n)  •  ■  •  o  o-(m+i)  o  u(m) .  As  examples,  cr(0,i)  = 

(1,  2,  0, 3, 4,  5, ... )  and  u(4,5,6)  =  (0, 1,  2,  3,  5,  6,  7, 4, 8,  9, 10, ... ). 
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It  will  be  helpful  to  represent  inverses  with  the  same  construction.  First, 
<T(fc)  is  its  own  inverse,  °  <T(k)(k)  =  <?(k){k  +  1)  =  k  and  cr^)  o  a^){k  +  1) 
=  CT(/-)(fc)  =  k+ 1.  Also  a^k)  (x)  =  x  when  x  ^  {k,k  + 1}.  Thus,  o’(k)°<J{k)(x )  =  % 
when  x  ^  {k,k  +  1}.  Since  function  composition  is  associative,  (cr^)  o  <Jty))  o 
{<J(y)  o  (J(x))  =  cr(x)  °  (CT(y)  o  CT(y))  o  ov^)  =  erg.  It  was  already  verified  that 
^"(fc-f-i)  °  ^(fc)  *7(fc,fc+i)  ■ 

Observe  that  (7(04)  =  (1,  2,  0, 3, 4,  5, ... )  ^  (2,  0, 1,  3, 4,  5, ... )  =  er(i,0).  It  is 
helpful  to  know  when  aix)  and  <j(y)  commute.  Lemma  12.31  helps  explain  why 
commutativity  fails  for  more  complicated  permutations  such  as  <7(5,7,2,11,4,729)- 

Lemma  2.3.  If  \x  —  y\>  1,  then  <7(y)  o  (7(x\  =  <7(x)  o  tj(vy 

Proof.  W.L.O.G.,  suppose  x  +  1  <  y.  From  above,  <7(y)  is  the  identity  map 
outside  of  { y ,  y  +  1}  and  is  the  identity  map  outside  of  {x,  x  +  1}.  Thus, 
<7(.y)  o  a rx){k)  =  k  =  <7(a;)  o  a^y)(k)  when  k  {x,x  +  1  ,y,y  +  1}.  When  k  =  x, 
a(v)  0  aO)(x)  =  a(y)(x  +  1)  =  x  +  1  because  x  +  1  <  y.  Also,  <7(x)  o  a^(x)  = 
G(x){x)  =  x  +  1  because  x  +  1  <  y.  Similarly,  o  cr(x)( x  +  1)  =  <7 ry)(x)  =  x  = 
<7(y){x  +  1)  =  <7(x)  o  cr (y){x  +  1)  because  x  +  1  <  y.  The  remaining  verifications 
hold  for  y  and  y  +  1  because  x  +  1  <  y.  □ 

When  x  <  y,  the  previous  proof  and  cr(k,k+i)  —  <7( fc+i )  0  &(k)  together  imply 
that  <7(y)  o  CT(X)  =  <7 [x,y)-  Although  sequences  with  repeats  won’t  be  considered 
here,  it  is  helpful  to  notice  that  <7(x)  o  <7(x)  =  a(x,x)  =  <70-  In  some  later  con¬ 
structions,  it  will  be  useful  to  know  when  <J(x,y)  =  <7(.y)  oa^j,  and  similarly  when 

tJ(a0,ai,...a„)  —  ^(o,)  '  '  '  °  cr(ai)  °  7(ao)- 

Lemma  2.4.  If  x  <  y,  then  cr^x  v)  =  <7(.y)  o  <r^xy 

If  O.Q  Gl  O  '  •  •  <C  CLn ,  then  <7(ao,ai,. ,.an)  <7( an )  0  ^(ai)  °  <7(ao)' 

Proof.  If  x  <  y,  then  <J(x,y)  =  C(y)  0  <7( x )  was  just  verified.  This  covers  the 
base  case  for  cr(ao,Ql)  =  a(ai)  o  cr(ao).  By  induction,  suppose  o-(0o,01,...0fc_1)  = 
•  ■■°V(a1  )°f7(a0)-  Observe  that  U(afc) oo-(0fc_l)  •  •  •ocr(ai)Ocr(Qo)  is  generated 
by  swapping  the  a*  entry  and  the  a*,  +  1  entry  in  U(afc_1)  •  ■  ■  o  cr(ai)  o  ct(„0). 
Furthermore,  a 0  <  ai  <  •••  <  a/c_i  <  a*,.  These  two  properties  imply  that 
<7(afc)  0  <7(a0,ai,...afc_i)  =  CT(ao,ai ,. . ,ak) ■  Lastly,  the  induction  hypothesis  implies 
that  <7(Q0,ai, ...a.k)  a(a.k)  °  ^{ak- 1)  '  '  '  °  ^(ai)  °  ao )■  ^ 

In  general,  <7(.y)  o  <X(x)  ^  a(x,y)  when  x  >  y.  When  does  equality  hold? 
Consider  the  case  x  >  y  +  1.  Similar  to  the  proof  in  lemma  [2731  during  the 
construction  of  V{x,y)i  the  first  step  swaps  the  x  entry  and  x  +  1  entry.  When 
the  second  step  swaps  the  y  and  y  +  1  entry,  this  swap  doesn’t  move  the  x  and 
x  +  1  entries  because  x  >  y  +  1.  Thus,  if  x  >  y  +  1,  then  <7(y)  o  cr(x)  =  <J(x,y) 
The  remaining  case  is  cr^)  o  <j(k+i)-  Both  a^)  0  &(k+ 1)  and  a^+i^k)  are  the 
identity  map  outside  of  {/c,  k  +  1,  k  +  2}.  However,  a^)  o  <J(k+i)  7^  (J(k+i,k)  on 
{k,  k  +  1,  k  +  2},  as  shown  in  table  [U 

A  sequence  of  functions  fn  :  N  — N  pointwise  converges  to  a  function  /  :  N  — > 
N  if  for  each  mgN,  there  exists  Nm  such  that  for  all  n  >  Nm,  fn(m)  =  f(rn). 
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Table  1:  cr^k)  o  cr(k+i)  and  <J(k+i,k) 

J-'1 _ ^(fc+l)  (^0 _ ^(fc)  (^0 _ ^(fc)  °  ^(h+ 1)(^) _ ^(fc+l.fc)  (^0 

k  k  k  + 1  fc  +  1  fc  +  2 

fc  +  1  fc  +  2  k  k  +  2  k 

k  V  2  /cTl  &T2  /j  fc  + 1 

For  this  particular  to,  we  write  lim  fn(m)  =  f.  When  a  sequence  of  functions 

n— >oo 

{fn}  pointwise  converges,  we  write  lim  fn  =  /. 

n—to o 

Definition  2.2.  Sequence  Rearrangement 

Let  A  =  (ao,  ai, . . . ,  afc  . . . )  be  a  sequence  of  elements  from  N,  where  there  are 
no  repeats  i.e.,  j  ^  k  implies  that  aj  ^  a^.  To  construct  a  a  '■  N  — >  N,  start  with 
(70  =  (0, 1,2,3,...)  where  (70  is  the  identity  permutation.  Similar  to  the  above, 
a  a  is  constructed  iteratively  using  each  element  of  A  to  generate  a  transposition. 
For  a o  swap  the  a o  entry  and  the  ao  +  1  entry  of  erg.  Thus,  a^^n)  =  n 
when  n  ^  {a0,a0  +  1}.  Also,  (7(ao)(a0)  =  a0  +  1  and  (7(ao)(a0  +  1)  =  a0. 
Inductively,  suppose  cr(ao,ai,...,ak_1)  =  (bo,  &i,  62, .  •  ■ ,  bk, . . . ).  Then  to  construct 
O’(a0,ai,...,afc_1,afc)  from  o-(oo,a1,...,ot_l)  swap  bak  and  bak+ 1. 

Define  aA  =  lim  ova  a  0n  0n).  We  verify  that  fn  =  ov  a  .  } 

pointwise  converges  so  that  a  a  is  well-defined.  Since  the  elements  of  A  are 
distinct,  this  implies  that  for  any  m,  there  exists  an  N  such  that  all  elements  aj  € 
A  and  aj  <  m  implies  j  <  N.  In  other  words,  the  aj  <  m  have  already  appeared. 
Thus,  there  will  be  no  more  swaps  for  entries  <  to,  so  lim  cria  a  a  a  )(m) 
exists  for  each  to. 

Lemma  2.5.  Let  sequence  A  =  (ao,  ai , . . . ,  a*  . . . )  with  no  repeats.  Construct 
(bo,  bi, . . .  bn),  such  that  bk  <  bk+i,  as  a  rearrangement  of  (ao,  a  1, . . .  an).  That 
is,  as  sets  {&o>  bi, . . .  bn}  =  {ao,  ai, . . . ,  an}.  If  | aj  —  a.*, |  >  1  for  each  pair  j  k, 
then  cr(a0jaij...ajl)  =  (7(a„)  ■  ■  ■  0  a(a1)  0  a(a0)  =  a (b„)  '  '  '  °  <J(b1)  °  a(b0)  =  Cr(b0,b1,...b„) 
/or  eac/i  n. 

Proof.  The  order  of  (ao,  ai, . . . ,  a„)  can  be  rearranged  so  that  the  transposi¬ 
tions  o~(bk)  are  applied  in  increasing  order  bk  <  bk+i-  Lemma. [2.31  implies  that 
o-(a„)  ■  •  -cr(ai)  0  CT(ao)  =  cr(bn) . .  .<7(bl)  o  (J (6o).  Lemma [2A] implies  cr(6o)6li...6„)  = 
(7(bn) . . .  r7(bl)  o  (7(bo).  Definition  12.21  and  | ay  —  a*, |  >  1  for  each  pair  j  ^  fc  implies 
that  (7^ao?aij ...an)  ^(an)  ■  •  ■  ^(ai)  0  ^(ao)'  ^ 

Definition  2.3.  Set  Rearrangement 

Instead  of  starting  with  a  sequence,  a  set  A  C  N  is  ordered  into  a  sequence 
(ao,  ai, . . . ,  ak  ■  ■  ■ )  according  to  ak  <  ak+i-  This  means  ao  is  the  least  ele¬ 
ment  of  A;  a  1  is  the  least  element  of  A  —  {ao};  inductively,  ak+i  is  the  least 

n 

element  of  A  -  {a0,  ai, . . . ,  akj-  Define  {]  aak  =  cr(an)  o  •  •  •  o  cr(ai)  o  cr(ao).  De- 

k—0 

n 

fine  a  a  —  lim  J}  aak  ■  For  the  same  reason  as  in  definition  12.21  this  limit 

n^°°  fc= 0 
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exists  and  hence  a  a  is  well-defined.  If  A  is  an  infinite  set,  lemma  12.41  implies 

For  example,  <te  =  (1,  0, 3,  2,  5, 4,  7, 6, . . . ),  and  ctq  =  (0, 2, 1, 4, 3,  6,  5,  8,  7, . . . ). 
Lemma  2.6.  For  any  4cN,  the  map  A  i — >  a  a  is  one-to-one. 

Proof.  Suppose  A,  B  C  N  and  A  ^  B.  As  defined  in  12.31  let  A  =  {01,02,  ■  ■  ■ }, 
where  Ok  <  dfc+i  and  let  B  =  {bi,b2,  ■  ■  ■},  where  bk  <  bk+i-  Let  m  be  the 
smallest  index  such  that  am  7^  bm.  W.L.O.G.,  suppose  am  <  bm. 

Claim:  ern(am)  /  crB(am).  If  m  =  1,  then  OA(am)  =  am  +  1,  and  crB{am)  = 
am.  For  the  other  case  m  >  1,  am_  1  =  6m_  1  and  brn  —  &m_i  >  1.  The  three 
conditions  am_  1  =  6m_i,  bm  —  bm_  1  >  1  and  am  <  together  imply  that 
cs(am)  <  am.  In  the  next  paragraph,  we  verify  that  OA{am)  =  a-m  +  1  and  this 
completes  the  proof. 

For  the  case  am  —  am- 1  =  1,  when  <T(am_1)  is  applied,  am  and  am_i  are 
swapped  so  that  OA{am  —  1)  =  am.  After  this  swap,  the  values  am_i  and 
Ojji  +  1  are  swapped  so  that  at  the  (irn  index,  (ta(v m)  —  u,,,  +  1.  For  the  case 
ara  —  am_  1  >  1,  no  swap  occurs  between  indices  am  and  am  —  1.  At  the  am 
index,  the  values  am  and  am  +  1  are  swapped  so  that  OA(am )  =  am  +  1-  □ 

a  a  :  N  — >  N  is  one-to-one,  as  oa  is  a  composition  of  transpositions  according 
to  definition  12.31  oa  is  not  always  onto,  ctn  =  (1, 2, 3, 4,  5,  6, . . . );  that  is, 
CTN(n)  =71  +  1.  A  is  called  a  tail  set  if  there  exists  an  N  such  that  m  >  N 
implies  m  £  A.  During  the  construction  of  a  a  per  definition  12.31  if  am  is  not 
in  A,  then  no  element  less  than  am  swaps  beyond  index  am.  This  observation 
implies  remark [2. II 

Remark  2.1.  A  is  a  tail  set  if  and  only  if  <ta  '■  N  — ►  N  is  not  onto. 

In  [7j,  Post  states  that  the  complement  of  any  finite  subset  (i.e. ,  tail  set)  of 
N  is  Turing  computable.  Example  [l]  describes  a  Turing  machine  that  computes 
a  tail  set  A;  this  machine  is  provided  for  the  group  theorist  who  may  not  be  as 
familiar  with  Turing  machines  as  a  computability  theorist. 

Example  1.  A  Turing  Machine  that  computes  a  Tail  Set 
Let  n  consecutive  l’s  on  the  tape,  followed  by  a  blank,  correspond  to  the  non¬ 
negative  integer  n.  The  machine  starts  in  state  qo .  If  the  machine  reads  a  1, 
when  in  state  qk  when  k  <  M,  then  it  moves  one  tape  square  to  the  right  and 
moves  to  state  qk+i ■  If  the  machine  reads  a  blank  in  state  qk,  then  if  k  £  A, 
then  it  writes  a  1  in  this  tape  square  and  halts.  Otherwise,  k  ^  A  and  the 
machine  writes  a  0  in  the  tape  square  and  halts.  If  the  machine  reaches  state 
qM ,  then  it  stays  in  state  qM  while  still  reading  a  1  and  moves  one  tape  square 
to  the  right.  If  it  reads  a  blank  while  in  state  qM,  then  it  writes  a  1  and  halts. 
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2.2  Turing  Incomputable  Rearrangements 

A  binary  sequence  is  Turing  incomputable  if  no  Turing  machine  can  exactly 
reproduce  this  infinite  sequence  of  0’s  and  l’s.  In  other  words,  let  T  be  the 
subset  of  {0, 1}N  that  are  Turing  computable  sequences;  then  {0, 1}N  —  T  are 
the  Turing  incomputable  binary  sequences.  If  A  is  a  Turing  incomputable  set, 
then  example  [T|  implies  A  cannot  be  a  tail  set. 

Remark  2.2.  If  A  is  Turing  incomputable,  then  a  a  '■  N  — >  N  is  a  permutation. 

Bi-immunity  is  a  stronger  form  of  Turing  incomputability  because  a  Turing 
machine  cannot  even  produce  a  subsequence  of  a  bi-immune  sequence.  When¬ 
ever  A  is  a  bi-immune  set,  a  a  is  called  a  bi-immune  rearrangement. 

Corollary  2.7.  If  A  is  a  bi-immune  set,  then  a  a  '■  N  — >  N  is  a  permutation. 

Let  Sym(N)  be  the  infinite  symmetric  group  of  all  permutations  on  N. 
Set  3  =  {cta  -  A  is  a  Turing  incomputable  set}.  Set  S3  =  {H  :  H 
is  a  subgroup  of  Sym(N)  and  H  A  3}.  The  incomputable  rearrangements 
are  the  elements  of  3.  3  generates  a  permutation  group 

G>  =  « 

Set  23  =  {cta  ■  A  is  a  bi-immune  set}.  Set  S<s  =  {H  :  H  is  a 
subgroup  of  Sym(N)  and  H  A  *8}.  The  bi-immune  rearrangements  23  gener¬ 
ate  a  permutation  group,  called  the  bi-immune  symmetric  group : 

G<s  =  n  H  (2) 

ffeS® 

Let  21  be  a  subset  of  18.  21  may  contain  a  countable  number  of  bi-immune 
rearrangements,  or  uncountable  number.  21  may  contain  a  finite  number  of  bi- 
immune  rearrangements.  Set  S<&  =  {H  :  H  is  a  subgroup  of  Sym(N)  and 
H  A  21}.  For  each  21  C  18,  define  the  permutation  group 

Ga  =  n  H  (3) 

We  pursue  some  questions  about  subgroups  Ga  of  the  bi-immune  symmetric 
group.  For  each  21,  what  is  the  structure  of  Ga  as  a  subgroup  of  Gs?  Can 
Ga  =  G<s  when  21  is  countably  infinite  or  finite?  What  is  the  structure  of  G® 
as  a  subgroup  of  Sym(N)?  What  are  G®’s  group  theoretic  properties? 

Lemma  12.61  implies  the  bi-immune  symmetric  group  is  uncountable  because 
the  bi-immune  sets  are  uncountable.  Since  the  number  of  distinct  21  is  uncount¬ 
able,  do  the  various  21  generate  an  uncountable  number  of  subgroups  of  the 
bi-immune  symmetric  group?  Is  G3  a  proper  subgroup  of  Sym(N)?  Is  G<g  a 
proper  subgroup  of  G3? 
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Our  plan  is  to  first  show  for  any  i  that  ay)  lies  in  the  bi-immune  symmetric 
group.  Recall  that  permutes  i  and  i  +  1,  and  all  other  natural  numbers 
are  fixed  points  of  ay).  From  in  G®,  we  show  that  for  any  £  N,  the 
transposition  (i  j)  lies  in  G®.  Since  the  transpositions  {(«  j)  :  0  <  i  <  j  <  n} 
generate  the  finite  symmetric  group  Sym({0, 1, . . . ,  n  —  1}),  we  see  that  the 
Unitary  symmetric  group  is  a  subgroup  of  the  bi-immune  symmetric  group.  We 
proceed  with  the  details. 

For  each  r  £  N  and  A  C  N,  define  A>r  =  {a  £  A  :  a  >  rj  and  A<r  =  {a  £ 
A  :  a  <  r}.  Since  A<r  is  finite,  the  following  remark  follows  from  lemma  [2~T1 
Remark  2.3.  If  .A  is  a  bi-immune  set,  then  A>r  =  A  —  A<r  is  bi-immune. 

Remark  12.41  is  an  immediate  consequence  of  remark  12.31  and  lemma  12.11 
Remark  2.4.  If  A.  is  a  bi-immune  set,  then  the  set  A>r  U  {*}  is  also  bi-immune 
whenever  i  <  r. 

Lemma  2.8.  For  any  i,  permutation  ay)  lies  in  the  bi-immune  symmetric 
group. 

Proof.  Fix  i  g  N.  Let  A.  be  a  bi-immune  set.  Choose  r  >  i.  Since  A>r  is 
bi-immune,  aA>r  is  a  permutation  in  subgroup  G®.  Hence,  a^1  is  in  G®,  and 
&A>ru{i}  is  in  G®.  Lastly,  cry)  =  aA>rUyy  °  v~A>r  is  in  G®.  □ 

The  following  example  illustrates  why  for  any  i  <  j,  transposition  {i  j) 
is  in  G®.  To  show  that  transposition  (1  4)  is  in  G®,  we  start  with  identity 
permutation  a @  =  (0, 1,  2,  3, 4,  5, ... )  and  compose  with  the  appropriate  cry)  to 
move  the  4  to  the  location  of  1.  a^3)  o  cr@  =  (0, 1,  2, 4,  3,  5, . . . ).  <7(2)  o  er^  o  = 
(0,1, 4,  2,  3,  5,...).  cr(1)  ocr(2)  ocr(3)  0(70  =  (0,4, 1,2, 3,  5,...). 

Then  we  compose  the  appropriate  ay)  to  move  1  to  the  original  location  of  4 
in  (70.  (7(2)  °cr(l)0(7(2)  0(7(3)  0(70  =  (0,  4,  2,  1,  3,  5,  ...  ).  CT(3)O(7(2)O(7(l)O(7(2)O(7(3)O(70 
=  (0,4, 2, 3, 1,5,...). 

Lemma  2.9.  For  anyi  <  j,  transposition  ( i  j )  lies  in  the  bi-immune  symmetric 
group. 

Proof,  (i  j)  =  a(j_i)oay_2)  ■■■  cry+1)Oay)Oay+i)  ...  ay_2)  oay_i)  ooq.  □ 

Following  [6,,  for  any  a  £  Sym(N),  define  the  support  of  a  as  supp(a)  =  {n  £ 
N  :  a(n)  ^  n}.  When  the  support  of  a  is  a  finite  set,  we  say  a  is  finitary.  The 
finitary  permutations  are  FS(N)  =  {a  £  Sym(N)  :  a  is  finitary}.  FS(N)  is 
called  the  finitary  symmetric  group  on  N. 

Lemma  2.10.  The  finitary  symmetric  group  FS(N)  is  a  proper  subgroup  of  the 
bi-immune  symmetric  group  G® . 

Proof.  Observe  that  G®  contains  permutations  that  are  not  finitary.  The  com¬ 
position  of  two  finitary  permutations  is  finitary,  so  o  is  closed  in  FS(N).  For 
a  large  enough  n ,  any  finitary  permutation  lies  in  a  finite  subgroup  of  FS(N) 
isomorphic  to  Sym({0, 1, . . . ,  n  —  1}).  Any  finitary  permutation  chosen  from 
Sym({0, 1, . . . ,  n  —  1})  is  a  finite  composition  of  transpositions  selected  from  the 
set  {(*  j)  :  0  <  i  <  j  <  n}.  Lemma  [TUI  completes  the  proof.  □ 
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Definition  2.4.  A  /c-tuple  (ai, . . .  a*,)  has  pairwise  distinct  elements  if  cti  ^  dj 
whenever  i  ^  j.  A  subgroup  H  of  Syrn(N)  is  k-transitive  if  for  any  two  fc-tuples 
(ai, . . .  dfc)  and  (6i, . . .  bk )  each  with  pairwise  distinct  elements,  there  exists  at 
least  one  permutation  a  in  H  such  that  cr(ai)  =  bi  for  1  <  i  <  k.  A  subgroup 
H  is  highly  transitive  if  H  is  /c-transitive  for  all  k  £E  N. 

Remark  2.5.  The  bi-immune  symmetric  group  is  highly  transitive. 

Proof.  The  Unitary  symmetric  group  is  highly  transitive.  □ 

Following  PQ,  the  remainder  of  this  section  defines  a  metric  d  on  Sym(N) 
compatible  with  the  pointwise  convergence  topology.  For  any  <t,t  £  Sym(N), 
define  p  :  Sym(N)x  Sym(N)  — >  R  for  the  three  cases: 

(a)  If  a  =  t,  set  p(a,  r)  =  0. 

(b)  If  <r(0)  ^  r(0),  set  p(a,r )  =  1. 

(c)  If  <j(0)  =  t(0)  and  a  /  r,  set  p(a,r)  =  2_J,  where  a(i)  =  r(i)  for  all  i 
such  that  0  <i  <  j. 

For  any  <t,t  £  Sym(N),  define  d  :  Sym(N)x  Sym(N)  — >  R  as  d(a,r)  = 
max{p(cr,  t),  p(cr_1,  t-1)}.  It  is  straightforward  to  verify  that  (Sym(N),  d)  is  a 
complete  metric  space. 

Remark  2.6.  The  bi-immune  symmetric  group  G< b  is  dense  in  (Sym(N),<i). 

Proof.  For  any  r  in  Sym(N),  there  exists  a  sequence  of  rn  in  FS(N)  such  that 
Tn(k)  =  r(k)  and  r„_1(fc)  =  r~l(k)  for  all  k  <  n.  □ 

Remark  2.7.  G®  is  closed  in  (Sym(N),d)  if  and  only  if  G<s  =  Sym(N). 

2.3  Bi-immune  Dense  Orbits  in  [0, 1) 

a  =  aodi . . .  an, ...  G  {0, 1}N  is  called  a  tail  sequence  if  there  exists  M  such 
that  an  =  1  for  all  n  >  M.  Based  on  the  standard  identification  between 
A  C  N  and  the  binary  sequence  {a*,}  where  =  1  if  k  €  A  and  au  =  0  if 
k  A,  each  tail  sequence  uniquely  corresponds  to  a  tail  set  and  vice  versa.  Set 
T={«£  {0, 1}N  :  a  is  a  tail  sequence}. 

To  simplify  our  notation,  set  S  =  {0, 1}N  —  T.  There  is  a  1-to-l  corre¬ 
spondence  between  points  in  [0, 1)  C  R  and  S.  If  a  =  aoai  . . .  an  . . .  is  a  tail 
sequence,  let  Nq  be  the  natural  number  such  that  an  =  1  when  n  >  Nq  and 
ajv0-i  =  0.  In  the  standard  topology  on  [0,1),  a  =  aoai',an  . . .  is  the  same 
point  as  b  =  bob± . .  ,bn  . . .  such  that  bi  =  ai  for  all  i  satisfying  0  <  i  <  Nq  —  1, 
bN0-i  =  1,  and  bn  =  0  for  all  n  >  Nq. 
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Lemma  2.11.  Let  /3  be  a  Turing  computable  real  number  in  [0,1).  Define 
function  f  :  [0, 1)  — >  [0, 1),  where  f{x)  =  (x  +  fi)  mod  1.  If  a  =  a^ai . . .  an  . . . 
is  a  bi-immune  sequence,  then  f(a)  is  a  bi-immune  sequence. 

Proof.  Suppose  the  binary  sequence  representing  fi  is  bobi . . .  bn  . . . .  Since  fi  is 
a  Turing  computable  number,  lemma  12.21  implies  that  ao  ®  bo  a\  ©  b\  ...  is  a 
bi-immune  sequence. 

The  last  step  of  the  computation  of  (a  +  fi)  mod  1  is  the  carry.  Let 
cqCi  . .  ,cn  . . .  be  the  binary  sequence  where  ct  =  1  if  the  ith.  element  of  (a  +  fi ) 
mod  1  as  a  binary  sequence  equals  1  —  cq  ®  bp,  otherwise,  set  c,  =  0  if  the  *th 
element  of  (a  +  fi)  mod  1  as  a  binary  sequence  equals  at  ®  bi. 

Claim:  the  binary  sequence  coci . . .  cn  . . .  is  bi-immune.  We  can  verify  by 
contradiction.  Suppose  there  is  a  binary  subsequence  {cik}  that  is  Turing  com¬ 
putable.  Then  the  subsequence  {bik}  is  Turing  computable  because  fi  is  Turing 
computable.  Lastly,  aik  =  bik  ©  Cik ,  which  implies  the  bi-immune  sequence 
a  =  aoai . . .  an  . . .  has  a  Turing  computable  subsequence. 

Set  fi  =  a,  ©  bi  ©  Cj,  which  is  the  binary  sequence  representing  /(a).  Using  a 
similar  argument  as  for  Cj,  if  {fi}  has  a  Turing  computable  subsequence  {fik}, 
then  the  subsequence  can  only  occur  at  indices  when  Cik  =1.  Now  /!&  ©  Cik  = 
aik © bik  is  Turing  computable,  which  contradicts  that  {Gqffifrj}  is  bi-immune.  □ 

Suppose  /3  is  irrational;  for  example,  choose  /?  =  |(\/5  —  1).  We  can  apply 
lemma [2JJ] repeatedly.  We  start  with  a  point  po  in  S  =  {0, 1}N  —  T,  where  po 
is  a  bi-immune  sequence.  Define  the  orbit  O(f,po)  =  {po}  U  {pn  '■  Pn  =  f(Pn-i) 
for  all  n  >  1}.  This  construction  works  for  any  Turing  computable  irrational 
number. 

Lemma  2.12.  Suppose  f(x )  =  (x  +  /3)  mod  l,  where  j3  is  a  Turing  computable 
irrational  number.  Identify  S  with  the  interval  of  real  numbers  [0, 1).  If  po  vn  S 
is  a  bi-immune  sequence,  then  O(f,po)  is  a  dense  orbit  in  [0, 1)  and  each  point 
in  0(f,  p0),  expressed  as  a  binary  sequence,  is  a  bi-immune  sequence. 

Proof.  Lemma  [2.111  implies  that  each  point  in  O(f,po)  is  bi-immune.  Since  fi 
is  irrational,  Jacobi’s  theorem  implies  O(f,po)  is  dense  in  [0, 1).  □ 

Remark  2.8.  The  subgroup  of  Sym(N)  generated  by  cf(S)  contains  G®. 

Proof.  The  bi-immune  rearrangements  generate  the  bi-immune  symmetric  group 
and  the  bi-innnune  sequences  are  a  subset  of  S.  □ 

Per  lemma [2. 121  we  also  know  that  the  bi-immune  symmetric  group  contains 
the  (/(-image  of  all  dense  orbits  0{f,p),  where  /  =  (x  +  j3)  mod  1  ranges  over  all 
Turing  computable  irrational  numbers  /3  and  where  p  ranges  over  all  bi-immune 
sequences  in  S. 
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2.4  Some  More  Properties  of  a  a 

Definition  2.5.  Eventually  Commutative 

Suppose  set  A  is  ordered  as  A  =  {ao,ai,...}  where  a*,  <  ak+ 1-  Set  A  is 
eventually  commutative  if  there  exists  M  such  that  for  any  j  ^  k  where  j,k  >  M 
implies  that  \aj  —  a*, |  >  1. 

Observe  that  if  set  A  is  eventually  commutative,  then  a a°& a  =  <J(r0,r1 . rn)- 

Lemma  12.51  implies  that  the  a:j  and  Ok  with  j,  k  >  M  can  be  swapped  with  each 
element  in  a  a  until  a j  is  next  to  ak¬ 
in  contrast  to  lemma [2TT1  lemma  12. 1.31  shows  that  ctr(A)  is  bi- immune  when 
A  is  bi-immune  and  R  is  a  Turing  computable  set. 

Lemma  2.13.  If  R  is  Turing  computable  and  A  is  bi-immune,  then  ctr(A)  is 
bi-immune. 

Proof.  aji(A)  is  infinite  because  an  is  one-to-one.  Let  Q  =  cjr(A).  ft  remains  to 
show  that  Q  and  Q  satisfy  condition  (ii).  By  contradiction,  suppose  B  (~l  Q  =  0 
for  some  c.e.  set  B.  Note  that  af,1  is  Turing  computable  because  an  is  Turing 
computable.  Thus,  af  (B)  is  c.e.  Now  afi1(B)  D  A  =  0  because  cr^1  is  one-to- 
one  and  afi1(Q)  =  A.  This  contradicts  that  A  is  bi-immune. 

A  similar  argument  holds  for  Q.  By  contradiction,  suppose  B  fl  Q  =  0  for 
some  c.e.  set  B.  Then  B  C  Q.  Since  tr^1(Q)  =  A,  then  afj1{B)  C  A,  which 


implies  that  a^^B)  Pi  A  =  0.  This  contradicts  that  A  is  bi-immune.  □ 

Definition  2.6.  a  is  called  a  consecutive  cycle  if  it  is  finitary  and  a  =  (to,  to  + 
1  ,...,n).  In  other  words,  a{k)  =  k  +  1  when  m  <  k  <  n,  a(n)  =  m  and 
a(x)  =  x  when  x  <  m  or  x  >  n.  Consider  consecutive  cycles  (mi  . . .  ni)  and 
(to.2  . .  .n.2).  Suppose  ni  <  712.  These  cycles  are  disconnected  if  m2  —  ni  >  1. 
Consecutive  cycles  as  a  composition  . . .  (to*,  . . .  nk)  o  •  •  •  o  (m2  ■  •  ■  ^2) 0  (mi . . .  ni) 
are  increasing  if  mj+ 1  >  rrij  for  each  j  >  1. 


Lemma  2.14.  If  A  is  bi-immune,  then  a  a  is  an  infinite  composition  of  discon¬ 
nected,  increasing,  consecutive  cycles. 

Proof.  Lemma  12.141  follows  from  the  previous  definitions  and  lemmas.  □ 

Remark  2.9.  If  A  is  bi-immune,  then  is  Borel-1  normal. 

E  equals  (1010  . . . )  when  identified  as  a  binary  sequence,  so  this  remark  follows 
from  lemma  fS.  141 
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